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A class of precessional-isoconic motions of a gyrostat with a fixed point is considered in the generalized
dynamical problem. New classes of such motions are found, where the precession of the body can
either be a semi-regular precession of the second type, or a precessional motion of general form.

THE INVESTIGATION of precessional-isoconic motion is an important stage in the study of
precession. In this case, the motion possesses the property of isoconicity (the moving
hodograph of the angular velocity vector being congruent with the hodograph fixed relative to
the tangent plane) as well as that of precession. Isoconic motions in dynamics were apparently
first considered by Fabbri [1] who established their existence in the well-known Steklov
solution. Using the hodograph method [2] this property was found in [3]. Apart from this case,
isoconic motions have been observed in the solutions of Lagrange, Zhukovskii [4], Hess—
Sretenskii [4] and Grioli [S]. All these investigations concern the classical problem of the
motion of a gyrostat in a gravitational field. In the generalized dynamical problem a result is
known [6] concerning the conditions for the existence of isoconic gyrostat motion with the first
level of the appropriate invariant relation.

1. STATEMENT OF THE PROBLEM

Consider the generalized problem of the motion of a gyrostat with a fixed point. We will
write the equations of motion in the form [7, §]

A=A W+NNX Ww+WX By +sXv+vXCy (1.1)
r=yX w 1.2)

They admit of the first integrals
Aw-w-2(-v)+Cv-v=2E, v-»=1
. 13)
Aw+d)-»—, By -v)=k

In (1.1)-(1.3) w is the angular velocity of the gyrostat, v is the unit vector describing the
direction of the axis of symmetry of the force field, A is the gyrostatic moment, s is the
generalized centre of mass vector, A is the inertia tensor of the gyrostat constructed at the fixed
point, and B and C are symmetric 3x3 matrices [7, 8]. A dot above the variables denotes the
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derivative with respect to time.
Suppose the gyrostat motion is precessional about the vertical (the angle between the unit
vector a fixed to the body and the vector v is constant). We then have the invariant relation [9]

y.a=ag, ag=cosb, (1.4)
where 8, is the angle between a and v. From (1.2) the derivative of (1.4) gives w-(ax¥)=0, ie.
w=fi (ha+f (Hv (15

The case axv=0 is excluded because it implies that the gyrostat rotates uniformly.
Substituting (1.5) into Eq. (1.2) we obtain

vV'=fi (1) (vX a) (1.6)

We attach to the body a moving system of coordinates such that the vector a has the form
a=(0, 0, 1). We then satisfy Eqgs (1.4), v-v=1 and (1.6) by introducing a new variable ¢

v = (aosing, @ cosy, ay), a =sinb, an

and putting f,(f)=¢°'. The variable ¢ plays the role of the angle of proper rotation of the
gyrostat. If y denotes its angle of precession, then in (1.5) f,(t)=y" and so

w=ga+yv (L.8)
Substituting (1.8) into (1.1) and (1.3) we obtain

vAatYAV+oY [TrA)@wXa)—2UrXa)] —-

-¢?(4aXa) -\11‘2(A vX¥)+paX A-Bv)+
+Y¥X A-BV) —sX y—vX Cy=0 1.9
CAa-V+YAY-V)=k-A-v+', (Bv-v) (1.10)
¢*Ua-a)+2¢vAa-M+Y2U@y.¥)=
=2E+s-v)-Cv-y.
Since the vectors a, v and ax v are independent, we consider the projections of the left-hand

side of (1.9) along these vectors. It can be shown that the projections along the vectors a and v
reduce to Eq. (1.10), so we only write down the projection along ax v

pAa-WXa)+YAv - wWXa)+o'V [Tr(d)dy —

2Av-¥)+2a,(Aa- W]+ a0 A a-a)—

~Aa-v} —¥" e Uv-v)—Aa-v] +¢'lao (A -a) - (1.11)
—Nv-ao(Ba-v)+Bv- V] +¥y'N-a-2oA-v)-—Ba-v+

+ao By -w)] +a-s—ap (s-9)+ae (Cyv - ¥)-Ca.v=0

The method for investigating precession [9] about the vertical is as follows. From (1.20) we
find the dependence of ¢ and y' on y and the problem parameters. Substituting these
expressions into Eq. (1.11) we obtain an equation of the form F(p, A\, A, B, C, k, E)=0. The
requirement that it be an identity in ¢ imposes conditions on the parameters whose satisfaction
leads to precession of the motion of the body about the vertical.

Suppose that the motion of the gyrostat has the isoconicity property [9] as well as precession.
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Then we have the additional invariant relation

@ - (y—c) =0 (112)
where ¢ is a unit vector fixed to the body (and in general different from a). It can be shown that
when (1.12) is satisfied the moving hodograph of the angular velocity vector is congruent with

the fixed one [9].
We substitute (1.8) into (1.12)

¢@—a-c) + ¥'(1-—v-c) =0 (1.13)

Thus, in addition to (1.10) and (1.11) we obtain yet another condition on ¢ and y*. Without
loss of generality we shall specify the vector ¢ in the form ¢=(c, 0, ¢;), where ¢ +ci=1.

2. REGULAR PRECESSIONAL-ISOCONIC MOTIONS

Suppose the gyrostat precession is regular ¢° =n, y* =m. Here relation (1.13) should be an
identity in pand so ¢;=0 (c=a) and n=m. Consequently, the condition for the existence of
precessional-isoconic motion for the case when the precession is regular is found from the
conditions for regular precessions to exist [10] having put m=n

B12=0, Ci2=0, 2n(dz2—A11)—By; +B11 =0

n? (A22-A11)+C32-C1y =0, n*A4,3-nB,3-Cy3=0
n*A,3-nB;3—Cy3 =0, $;=a0Cy3+n*4,; (a0 +1)

2 =a0Cy3 +n* 433 @ +1), Ay =By13a0-A13n (2ao +1) 1)

A2 =Bi3a9-A33n (2ao +1), n® (432 +A33-4,41)+
+n X3 +By 1n (@ +1)-Bssnag—aon® (A;1-As;3) +
+ag (C11—C33) +53 =0.

The moving hodograph of the angular velocity vector is given by the relations
wy =napsing, w,; =nagcosy, wz=n(l+ag) (22)

where @ =nt +¢,, ¢, is an arbitrary constant. On the basis of the Kharlamov equations [2] we
also find the equation of the stationary hodograph in cylindrical coordinates

wg=n(l+ay), wpy=lagnl, a=nt+a (2.3)

It follows from (2.2) and (2.3) that the motion of the body is periodic with period
T=2n/lnl.

3. SEMIREGULAR PRECESSIONAL-ISOCONIC MOTION OF THE FIRST TYPE

We will consider the case when the motion of the body is a semiregular precession of the
first type: ' =m, ¢ #const. Obviously, in (1.13) c¢=a because otherwise the precession is
regular. Introducing the new parameters
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aoC3—1 dg ¢
bo =——— , ¢o = —— 3.1)

ap—Cjy dg—Cs
which obviously satisfy the equation b =1+cZ, from (1.13) we obtain
¢=m (bo +co sin p) (32)

Semiregular precession of the firsts type with proper rotational velocity of the form (3.2) for
the generalized dynamical problem was studied in [11], where conditions for this type of
precession to exist were written as equalities which must be satisfied by the parameters in the
system of equations (1.1), (1.2). If one additionally requires that the condition b} =1+cZ, is
satisfied, the gyrostat motion has the properties of isoconicity and semiregular precession of
the first type. When b, and ¢, are known, the quantities ¢, and ¢, are given from (3.1) by the
formulae

Coaa _ aobo +1

€= - » 3~
ao-"’bo ap +bg

We conclude from the equality b2 =1+ ¢? that ¢ is a monotonic function of time. To fix our
ideas we will put m>0, b, >0, ¢, >0 and we find from (3.2) that

mt mt !
= arctg [bo tg T (1—co tg —2—) ] 33)

LSRR Y

The equations of the moving hodograph are
Wy =mag sing, w,; =mag cosy, ws=m [a+bg +cg sin ) (B4

It follows from (3.3) and (3.4) that the moving hodograph is the curve of the intersection of
the cylinder @} + w? = a’m’® with the plane o, =(c,/&)w, + m(a,+b,), and the tip of the angular
velocity vector moves along it periodically with period T =2z/m.

We write the equation of the stationary hodograph in the Cartesian system of coordinates

Wi =W, COS A, Wy =W, sina, Wy
= ! - R

wg =agmbg’ (c§ + cos ¢ + bocy sin )
= ip=1 .

Wy =agmbg’ (co—cy cus ¢ + by sin @)

wr = m(1 taghy +agcy sin )

Because of the isoconicity the motion of the body is periodic with period 2z/m.

4. SEMIREGULAR PRECESSIONAL-ISOCONIC MOTIONS OF THE SECOND TYPE

Suppose that in relations (1.10), (1.11) and (1.13) ¢° =n. Then (1.13) gives
v=n/A(p), A(p)=by +cosiny 4.1)
and it follows from (1.10) and (1.11) that

n(d, cosg+dy sinp+de)+y (e, cos2p+aysin2 g+
+a, cospta; sing+af)— (b, cos2p+bysin2p+
+bhycosptbysinp+b3)=0 (4.2)
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n*A33 +2ny'(d, cosp+d, sin<p+d0)+¢°2(a2 cos2 g+
+a) sin2 p+a, cosyp+ay sing+af) —(c; cos2 g+
+te sin2p+c; cosptel sing+cd)=0 (43)

V(—a;sin2¢+a; cos2 ¢+ Y, al cosp— Y ay sin ) +

+ny(=2a; cos2¢p-2a,sin2¢—a, cosy —ay sing+

+dg)—n? (d, cos p+dy sin p) — w"z(a,ao cos2 ¢+

+taya0sin2 g +p; cosp+pysing+po)+n(2by cos2 g+

+2bysin2p+b; cosp+bysing+bE*)+ Y (2bya, cos2 g+
+2b)agsin2p+q; cosp+qy sing+qo)—ao ¢y cos2 g —

—ag ¢ sin2p+rycosp+rsing+ry=0 (44)

where the following notation has been introduced

@, =" a0® (A22-A411), 47 =80°A12, @ =2a080dz3
al=2aoag A3, a¥="/2a0> (A22 + A1) +af Ass

do =agAss, di =aoAzs, d{=aed;;

by ="'/ a0* (By2—B11), by ="/ as® B,

by =aqg (B13a0-N2), by =ag (Biado—\)

b¥=k-Xsap+ Yeao® (B.. +By2)+ "/ a} By,

bg* =" a0” (B11 +B22), c2="hay* (C11-Ca2)

¢ =—a9” Crz, € =2aq (5-Ca3 ao)

e/ =2ag (s—Ci3a), c§=2E+2s3a0—" (Ci1 +Ca2)a0" ~ C34a3
P1=a0A23 @5-a0®), P =a¢As (@5-a0*)

de =ag*Ass, Do =" @0as® (A11 +A22—2A33)

g1 =aq [Bz3 (@3—-a4*)—aoX:], 4qi =ao [Bis (@§-a0?) —ao),]
Qo=@ ['2 a0 (By1 +B23-2B33)+ N3], ry=aq [C23 (@b~ a, 2) —ays:]
r =ag [Cia (@ —a¢*) —aos]

ro=ag’ [ a0 (Ciy +C22—2C33) +153)

We substitute (4.1) into (4.2)-(4.4) and require the resulting equations to be identities in ¢.
We find as a result a non-linear system of algebraic equations connecting the system

parameters.
After calculations one can show that it has the following solution

A135A4,370, B3=B,3=0, Bi;=8B32, C2=Ci35(C33=0
Ci1=Ca, §51=5,=0, X =0, 7\1""!/6’0 [co (Bi3ao-
~nAy3)+nag (A22-A11)], §3=a0 (C33-Cyy) +

n ' 2 o 12
+— (Birsag—B11¢o), Aizao” =apag” (B33—Byy)+

Co
+ [nagcd A, 3-nbocoag (A1 =Azz +A33) +
ncy by
, 1
+nagagco (A22~As3) ~d3ag Bysl, b =—— 4.5)

1-A?
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2

i 1-22 "’ A? (a0® A2z +aj A33)—2Nagagd, s —

~a9% (A2:-A1,)=0, (Az2; +0A433)(Q10+ @) —
—40A41; (R10+Ro)(Q10+ Qo) - 4045 (A32-4, ) (R0 +Ry)* =0

Here

o=a}jag’, Q1 =A}; Ar2—Ay tA33)+A35 A22-411) As3— 4,,-422)
Qo =422 [A13-A411 (A22-A411)]
Ry =A11A33-A%3, Ro=Ayz2 (A11-A21 +433)

The last equation has a solution for o, for example, for the following values: A =2a,
A, =3a, A,=4a, A;=a, where a is an arbitrary parameter, because f(0)>0, f(eo)<0 (here
f(o) is the left-hand side of the equation under consideration). Obviously, here the pen-
ultimate equation of system (4.4) has a solution with respect to A. Thus, the solvability of
system (4.5) is proved, and we have therefore established conditions for precessional-isoconic

motion of the second type to exist.
The moving hodograph of the angular velocity vector is given by the equations

wy =aon sin ntfA (nt), w, =agn cos nt/A (nt)
w3 =n (1 +ao/A (nt)) (46)

and is therefore the line of intersection of an elliptical cylinder with the cone

wy +agcon)? w} y2n?
S_x_‘_o__q__)__ + ,: —=1, wi+w]-——F— (Wi-n)*=0
ao>n*b} ap*n ap
The stationary hodograph is given by the relations
wr=n (00 + IIA (nt)), Wy = [ao’“ |
-1 @n

nt nt
=2 arctg [tg 7 (by +co tg —2—) ]

It follows from (4.6), (4.7) that the motion of the body is periodic with period 2n/n. The
congruency of the moving and stationary hodograph is obvious.

5. PRECESSIONAL-ISOCONIC MOTION OF THE GENERAL TYPE

Suppose that ¢° and y° are not constants in relation (1.13). We will consider the simplest
case when ¢=a. Then it follows from (1.13) that ¢" =y". The integrals (1.10) take the form

2pda-v+iAv - v)=Bv-v-2(N-¥W)+2k

¢'2[Av-v+Aa-a+2(Aa-v)]=2(E+s-v)«Cv-v .1

Eliminating ¢" from relations (5.1) we obtain the special case Aa-v+ Av-v =0, which occurs
under the following conditions

A1y =Az2, A12=A,3=4;;=0, ag =Ay1/(A11—433) (5~2)
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Then the right-hand side of the first equation in (5.1) is equal to zero for all ¢. This leads to
the equalities
Blz =0, B| 1 =Bzg , )\1 =B|300, )\1 =Bg 3do
2k=2Xsa0—"2 ao* (By1 +B22) — Bssa} 53)

Putting ¢’ =y" in Eq. (1.11) and using (5.1) for ¢, we require the resultling equation to be
an identity in @. Using (5.3) this gives the following conditions

B13=B,3=B;3=0, B1=8y;, A =X=0
C23=C12=0, C1,=C3, 5,=0

51=C13 (4411433-411-433) (A11-433)"" QA433-4,,)7!
A3 = [411B33 + B\ (A33-2A41,)] (4)1-433)7"

(5.4)

Hence when conditions (5.2) and (5.4) are satisfied, Eqs (1.1) and (1.2) admit of the solution

2
w=y'(aty), v=(aosiny, apcosy dy), ¥ =at+tbsing (5.5)
a=[s3 (A11-A33) + A1 (C11-C33)] (411-433)7?

b=2Cy; (43, (Aas—ZAn)]%(ZAas—Al1)-’(:411—‘433)-1

Solution (5.5) describes a new class of precessional-isoconic motions, where the gyrostat
precession is a precession of general form.

We will consider the reduction of the problem to quadratures. In the second equation of
(5.5) we introduce the new variable f=¢-x/2. Then B°=a+bcosf and

8
peg——48 (5.6)
8, Va+bcos§

Consequently, we find B(r) by inverting an elliptic integral which can be reduced to an elliptic
integral of the first kind

v da
u=FMk)={

o V1—k*sin*a

(k is the modulus), where the method of reduction depends on the values of a and b. We find
the angular velocity components from (5.5)

w; = B.ao' cosf, w; =—fagsinf, ws= B'(l +ag) (5.7

Case a=b>0. From (5.6) we obtain

B e‘/zt—l

sin— =
eViat 4

Since B =r is a stationary point, let us take S=0 as the initial value of 8 at t=0. When
t — oo we have B — 7. Obviously, the motion of the body is asymptotic to rest.

Case a>b>0. From (5.6) we obtain

B=2am(p,1), sinf=sn(2p,t, k,)
cosf=cn (2 p,t, k3) (5.8)
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. /2b
B=2p2dn(pzt, kz), Py = l/z \/a+b, kz =

a+b

The components of the vector w are given by relations (5.7), while the components of the
vector v are

v, =aq cosf, v, =—agsinf, v3=a 59

Since under conditions (5.8) solution (5.7) is periodic with period 27, where
K nj2 da
T,=—, K= [ —F—/————
P2 0 1—k2 Sin2 a
while the stationary hodograph is congruent to the moving one [9], the motion of the body is
periodic with period 27T,.

Case b=lal>0,-arccos(—a/b) < <arccos(a/b). If we introduce an auxiliary variable

g% = arcsin /L U=%P)

atb
then from (5.6) we obtain f*=am(p;t), where p,= «/E/—i Here
sin §=2 ks sn (032, k3) dn (o1, k3), k3 =/ (@+b)2b
cosf=1— [(a+b)b] sn(0st,k3), B=~/a+bcn(pst, k3) (5.10)
When relations (5.10) hold solution (5.7) is periodic with period 4T,, where T,=K/p;, Kis a
complete elliptic integral of the first kind. These properties are also possessed by the

components of the angular velocity vector in the stationary space and the gyrostat motion is
periodic with the same period.

Case a>-b>0, 0<p=2n. Here it is convenient to introduce an auxiliary variable &

2@+bcospP)

sin §

On the basis of (5.6) we obtain 8 = am(p,), where p, =(a—b)/2. Consequently

atb sn (2 Pal, k;)
a—b  dn? (pat, ke)

sin§ =

a-b-2a Sn2 (p4t, k4)
(a—b) dﬂ2 (p4t, k4)

ke = /—Zb’ g'= vVatb

a+t dn (pat, kq)

cosf =

On the basis of (5.7) and (5.9) these relations enable us to find w and v and to conclude that
the motion of the gyrostat is periodic with period 7, = K/p,.
To construct the moving hodograph (and hence the stationary one as well) it is sufficient to
represent it as the line of intersection of the cone
o>

2 2 2 _
witw; — — w3 =0
(l+ﬂo)2
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with the cylindrical surface with generators parallel to the Ow, axis and intersecting the Ow,®,
plane along a curve given in polar coordinates p, § by

p=ag Vatbcost, (a,>0)

The form of the hodograph obviously depends on the values of the parameters a and b.

6. PRECESSIONAL-ISOCONIC MOTIONS IN THE CLASSICAL PROBLEM

Precessional-isoconic motions in the case when A =0 and the matrices B and C are non-zero
are of special interest.
If the precessional-isoconic motions are regular, it follows from relations (2.1) that

Aj1=A22, A125A4135423=0, 5,=5,=0
n*As3—aon® (A;-A33)+53=0

i.e. this type of motion is only possible in the special case of the Lagrange solution.

To determine the conditions for semiregular professional-isoconic motions of the first type
to exist we turn to the results obtained in [9, 4]. The former shows that for the classical
problem semiregular precession of the first type only occurs in the Hess solution. The latter
shows that there are no isoconic motions in this solution.

When the gyrostat motions are semiregular precessional-isoconic motions of the second
type, relations (4.5) must be satisfied. Substituting B; =0, C,, =0, into them, we obtain a
contradiction.

Suppose that the isoconic motion is ia precession of general form. It has been shown [9] that
a necessary condition for precession of the general type about the vertical to exist is the
vanishing of the constant of the integral of the moment of momentum. From the first relation
of (5.1) it follows that in this case the expression in front of ¢ vanishes for all ¢. This reduces to
the case considered in Section 5. However, it follows from (5.5) that the precession is regular.

Thus, in the classical problem of the motion of a rigid body in a gravitational field, only
regular precessional-isoconic motions of the Lagrange gyrostat about the vertical, exist.
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